We introduce a class of topological lasers based on the photonic Floquet topological insulator concept. The proposed system is realized as a truncated array of the lasing helical waveguides, where the pseudo-magnetic field arises due to twisting of the waveguides along the propagation direction that breaks the time-reversal symmetry and opens up a topological gap. When sufficient gain is provided in the edge channels of the array then the system lases into the topological edge states. Topological lasing is stable only in certain intervals of the Bloch momenta, that ensure a dynamic, but stable balance between the linear amplification and nonlinear absorption leading to the formation of the breathing edge states. We also illustrate topological robustness of the edge currents by simulating lattice defects and triangular arrangements of the waveguides.
Hall effect. A variety of new phenomena were theoretical predicted or experimentally observed with helical waveguide arrays, including anomalous topological insulators 19, 20 , topologically protected path entanglement 34 , unpaired Dirac cones 35 , topological edge states in quasicrystals 21 , solitons [36] [37] [38] , topological Anderson insulator 22, 39, 40 , topological phases in synthetic dimensions 24 , guiding light by artificial gauge fields 41 , and others. Notice that driven topological systems, such as helical arrays, may be characterized by special topological invariants 42 .
Topological phases of matter are nowadays under active investigation not only in conservative, but also in dissipative settings, see for example [43] [44] [45] [46] . Among the most exciting opportunities in this direction is the realization of lasing in topological edge states in active systems that promise remarkable stability of topological lasers, inherited from robustness and resistance to disorder of conservative topological systems. Theoretically topological lasers were proposed in photonic crystals 47 . Later they were realized in one-dimensional polaritonic and photonic structures employing Su-Schrieffer-Heeger model [48] [49] [50] [51] [52] , which, however, did not allow to demonstrate topological currents due to the reduced dimensionality. Two-dimensional topological lasing was very recently observed in photonic crystals 53 , lattices of coupled-ring resonators 54, 55 , and proposed theoretically in polaritonic arrays 56 . In these static systems, edge states appear either due to the external magnetic 53, 56 , or due to judicious engineering of coupling between elements leading to Haldane model 54, 55 . At the same time, our proposal offers advantages of not using external magnetic fields, operating at optical frequencies, and relying on conventional nonlinear transparent materials. 4 The aim of this work is to show that such Floquet topological lasers exhibiting stable disorder-and defect-immune lasing in topologically protected edge states can be implemented using truncated honeycomb array of helical waveguides written or fabricated in the nonlinear optical material with gain saturation. Broken time-reversal symmetry guarantees the existence of unidirectional edge states that can lase, when spatially-inhomogeneous gain is provided for them. Nonlinear losses result in stabilization of the nonlinear edge states at certain Bloch momenta determining their group velocity.
We describe dynamics of light in Floquet topological lasers using the nonlinear Schrödinger equation for field amplitude that in dimensionless units takes the form: Fig. 1 (a) with schematic array representation and Fig. 4(c) ]. The separation between the waveguides in the array is a . We assume that the array is truncated along the x -axis to form two zigzag edges and that gain is provided only on its left edge im im ,
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where , ql xy are the coordinates of edge waveguides, see green waveguides in Fig. 1 Dissipative helical arrays exhibiting gain in certain waveguides can be fabricated in different ways.
Most tried approach relies on the direct laser writing with femtosecond pulses available in a broad range of transparent materials 57 , including those containing amplifying dopants. Thus, various wave-guides were already realized in Er-doped active phosphate 58 , silicate 59 , tellurite 60 , and Baccarat 61 glasses, and also in lithium niobate 62 allowing realization of inhomogeneous parametric gain used for observation of parity-time symmetry 63 . Another viable alternative is the infiltration of hollow photonic crystal fibres with helical channels with active index-matching liquids 64, 65 .
First, we consider topological properties of conservative linear helical waveguide array by setting im , , 0 p and neglecting nonlinearity in Eq.
(1). The eigenstates Being stable attractor, this state was excited using a linear conservative state with K/ 2 k as an initial condition. After some transient stage the state has evolved into completely stable nonlinear dissipative mode existing due to balance between nonlinearity and diffraction, gain and losses, that exactly replicates its transverse profile after each period Z . The amplitude of this nonlinear edge state shows complex, but regular periodic oscillations without damping or growth and the period of these oscillations coincides with helix period Z6 . Figure 2 (a) shows thirty of these periods to stress that the state is practically stable. Amplitude oscillations notably increase with the increasing gain dz . This amplitude is depicted in Fig. 3(a) Fig. 3(b) . The presence of lasing threshold in im p is obvious in Fig. 3(a) Fig. 3(b) , and it increases almost linearly with increasing gain until it reaches the upper edge of the topological gap, as indicated by the top dashed line in Fig. 3(b) . Thus nonlinear edge states bifurcate from linear ones, once gain im p exceeds corresponding k -dependent threshold. This is illustrated in Fig. 3(c . In all cases 0.5K k , 0.5 and input states were perturbed by 5% amplitude noise
We also tested stability of all obtained dissipative edge states by perturbing them with 5% amplitude noise and modelling their long-distance propagation on huge transverse windows (100 yperiods) to accommodate for all possible perturbations that could lead to instability of these states. The outcome is that for K/ 2 k considerable portions of branches of nonlinear states close to lasing threshold are stable. In Fig. 3 stable families are marked with black dots, while the unstable ones are marked with red dots. Two observations can be made: Increasing gain eventually leads to destabilisation of the nonlinear states, but higher nonlinear absorption extends stability intervals, Fig. 3(a) 4(a),(e),(f) for K/ 2 k . In Fig. 4(a) , the peak amplitude max || of the launched state is shown during propagation that clearly performs regular periodic oscillations reflecting helical structure of the waveguide array. Note that the curve in Fig. 2(a) is a portion (in the range 4500 4680 z ) of dependence in Fig. 4(a) . Comparison of initial and output field modulus distributions in Figs. 4(e) and 4(f) showing only small fraction of actual integration window in y , reveals complete stability of the wave. In contrast, development of instability is shown in Fig. 4(g) for large gain amplitude im 0.2 p . Even in this case, despite the appearance of weak irregular modulations travelling along array interface and weak radiation into the bulk, the state remains confined near the interface at any propagation distance.
The striking advantage of dissipative topological edge states in Floquet laser is that they inherit topological protection of conservative edge states. To illustrate this we remove one waveguide from the left edge of helical waveguide array. The real part of corresponding array is depicted in Fig. 4(h) ;
there is similar defect in gain profile too (not shown). Dissipative edge state launched into such a helical waveguide array at im 0.12 p experience some reshaping and amplitude oscillations due to presence of defect [see Fig. 4(b) ], but finally reaches new stationary state shown in Figs. 4(i) and 4(j) for different distances. The representative feature of these distributions is that state is perturbed only locally around the defect and no radiation into bulk is visible.
Finally, we note that practical Floquet lasers should be spatially compact, hence we considered also triangular geometry of the array, in which gain is again provided only in edge channels, see tors. We demonstrated that the edge states in this system are topologically protected against large structural perturbations and can be either dynamically stable or unstable depending on the system parameters and, in particular, on the gain amplitude. We demonstrated lasing not only for an idealized infinite edge but also for a more practical triangular geometry. This work provides a practically feasible scheme to obtain topological lasing without the external magnetic fields. 
